Abstract. We show a Hopf type rigidity for thermostats without conjugate points on a 2-torus.
Introduction and statement of the result
It was proved by E. Hopf [6] that a Riemannian 2-torus without conjugate points is necessarily flat. To higher dimensions this result was generalized in [3] . The results of [8, 2, 1] show that this type of rigidity holds also for dynamical systems more general than the geodesic flow. Here we establish a Hopf type rigidity for a thermostat on a 2-torus.
Let (T 2 , g) be an oriented Riemannian 2-torus, ST 2 its unit circle bundle with the canocial projection π : ST 2 → T 2 . Given a function f ∈ C ∞ (T 2 ) and a smooth vector field e on T 2 , let λ ∈ C ∞ (ST 2 ) be the function given by defines a flow φ on ST 2 , to be called the flow of the thermostat (T 2 , g, f, e). Here and futher D t covariant derivative along γ. We will refer for a curves satisfying (2) as thermostat geodesic.
Flow φ reduces to the geodesic flow when e = f = 0. If λ does not depend on v, i.e. e = 0, then φ is the magnetic flow associated with the magnetic field Ω = f Ω a , where Ω a is the area form of M.
If f = 0, we obtain the Gaussian thermostat which is reversible in the sense that the flip (x, v) → (x, −v) conjugates φ t with φ −t (just as in the case of geodesic flows).
Thus the dynamical system governed by (2) describes the motion of a particle on M under the combined influence of a magnetic field f Ω a and a thermostat with external field e. When f = 0, we will refer to φ as a Gaussian or pure thermostat.
We define the exponential map at x ∈ T 2 to be
We say that the thermostat in question has no conjugate points if exp λ x is a local diffeomorphism for all x ∈ T 2 . Main result of this paper is the following 1 Theorem A. A thermostat (T 2 , g, f, e) has no conjugate points if and only if f = 0 and if, for some U ∈ C ∞ (T 2 ), div(e + ∇U) = 0 and the metric g 1 = e −2U g is flat.
Preliminaries on thermostats
Let M be a closed oriented surface, SM the unit sphere bundle and π : SM → M the canonical projection. The latter is in fact a principal S 1 -fibration and we let V be the infinitesimal generator of the action of S 1 . Given a unit vector v ∈ T x M, we will denote by iv the unique unit vector orthogonal to v such that {v, iv} is an oriented basis of T x M. There are two basic 1-forms α and β on SM which are defined by the formulas:
The form α is the canonical contact form of SM whose Reeb vector field is the geodesic vector field X. The volume form α ∧ dα gives rise to the Liouville measure dµ of SM.
A basic theorem in 2-dimensional Riemannian geometry asserts that there exists a unique 1-form ψ on SM (the connection form) such that ψ(V ) = 1 and
where K is the Gaussian curvature of M. In fact, the form ψ is given by
where Z : (−ε, ε) → SM is any curve with Z(0) = (x, v) andŻ(0) = ξ and DZ dt is the covariant derivative of Z along the curve π • Z.
For later use it is convenient to introduce the vector field H uniquely defined by the conditions β(H) = 1 and α(H) = ψ(H) = 0. The vector fields X, H and V are dual to α, β and ψ and as a consequence of (3-5) they satisfy the commutation relations (6) [
Equations (3-5) also imply that the vector fields X, H and V preserve the volume form α ∧ dα and hence the Liouville measure. Note that the flow of H is given by
, where R(x, v) = (x, iv) and g t is the geodesic flow. Let λ be the smooth function on SM given by (1), and let
be the generating vector field of the generalized thermostat. From (6) we obtain:
Now let Θ := α ∧ dα. This volume form generates the Liouville measure dµ.
Thermostats without conjugate points
Let γ(t) be a unit speed solution of (2), U ∈ C ∞ (T 2 , R) and
Lemma 3.1. Let γ 1 (s) := γ(t(s)) and g 1 := e −2U g. Then γ 1 (s) is a unit speed solution of the thermostat determined by the triple (g 1 , e U f, e 2U (e + ∇U)). (Here ∇U is the gradient of U with respect to the metric g.)
Proof. For the proof see [7, Lemma 2.2.] .
Note that we may always choose U so that div(e + ∇U) = 0. This yields that dive 1 = 0 with respect to the metric g 1 , where e 1 := e 2U (e + ∇U). The flow of the thermostat (T 2 , g, f, e) is a smooth time change of the flow of the thermostat (T 2 , g 1 , f 1 , e 1 ), where
Theorem 3.2. Thermostat (T 2 , g, f, e) has no conjugate points if and only if so does the thermostat (T 2 , g 1 , f 1 , e 1 ).
Proof. Set λ 1 := f 1 + e 1 , iv 1 1 , where ·, · 1 is the inner product with respect to g 1 and v 1 := e U v. An easy calculation shows that
x , which shows that exp x is a local diffeomorphism.
From now on, we will consider the thermostat (T 2 , g 1 , f 1 , e 1 ), but will omit the subscript 1 to simplify notation.
We consider a variation of thermostat geodesic
(t) is called a Jacobi field along γ.
Let ξ ∈ T (x,v) T T 2 , and Z(t) = (α(t), z(t)) be any curve with
. So we obtain the following isomorphism:
Lemma 3.3. If we choose the curve Z ⊂ T T 2 adapted to ξ, such thatŻ(0) = ξ, and let J ξ be the Jacobi field varying with Z, then
Proof. See [5, Lemma 3.1].
Lemma 3.4. Every Jacobi field J ξ satisfies the following Jacobi equationṡ
Conversely, every solution x, y of (7) and (9) defines Jacobi field J ξ := xγ + yiγ with ξ = (J ξ (0),J ξ (0)).
. If we differentiate the last equality with respect to t we obtain:
Using the bracket relations and regrouping we havė
From these equations we get
Let us assume solution x, y of equations (7) and (9). Define function z =ẏ and construct vector field in T (ST 2 ) over flow φ as follows
, then by lemma 3.3 a vector field J ξ (t) = dπ • dφ t (ξ) is Jacobi field defined by functions x, y.
From previous result we immediately obtain Corollary 3.5. If the Jacobi field J is tangent to thermostat geodesic γ everywhere, then J = aγ, where a = const.
There exists a simple but very useful relation between exponential map and Jacobi fields. In the following theorem we will describe it. 
Proof. Take (x, ξ) ∈ ST 2 and t ∈ (0, T ]. From the definition of exp λ it is straightforward that image(d tξ exp
. By the absence of conjugate point, d w exp λ x is a linear isomorphism for every w ∈ T x T 2 at which exp λ x is defined, and the lemma follows. Now we are ready to prove the main result of this section. This theorem shows a relationship between conjugacy and equation (9) that is called Jacobi equation.
Theorem 3.9. Thermostat has no conjugate points if and only if solution of the Jacobi equation (9) vanish at most once.
Proof. Assume that thermostat has no conjugate points. By lemma 3.8 it is possible to see d˙γ (0) φ t (E) as a graph over the horizontal subspace for t ∈ (0, T ]. We can express d˙γ (0) φ t (E) = graph S := {(v, S(t)v), v ∈ H(γ(t)} with S(t) : H(γ(t)) → V(γ(t)) for t ∈ (0, T ]. Let u(t) := S(t)iγ, iγ and by lemma 3.3 it is easy to seeJ η = SJ η . Using all of this we obtain thaṫ y = uy.
Since u is well defined for all t ∈ (0, T ] it is easy to see that y never vanishes for t ∈ (0, T ].
Conversely, Let us assume that solution of (9) vansih at most once, i.e. any solution of (9) with y(a) = y(b) = 0 is y ≡ 0. Using Corollary 3.5 we conclude that Jacobi field is of the following form J = aγ. Because of conditions J(a) = J(b) = 0, Jacobi field J vanishes identically.
Using the original idea of Eberhard Hopf
By Theorem 3.9 we may say that two non-zero solutions of Jacobi equation intersect at most once. Let y(t; a, b) be the solution of Jacobi equation From absence of conjugate points and (11) (13) y(t; a, b) > 0 for t < b and a < b.
By the same argument one can see that 
and does not depend on a by (12). Because of that function r is continous at every t. So we obtain well-defined function at every point of the thermostat geodesic.
From the closedness of T 2 one infers that
and |V (λ)| ≤ C on T 2 with suitable constant B, C ≥ 0. Set A = max{B, C}. We will show that
where
Consider the solution z(t; a, b) of
e P − (a−b) − e P + (a−b) Let a < b and consider y(t; a). Then z and y are both positive for t < b.
It is well known that Wronskian either identically equals to zero or never vanishes. So zẏ − yż > 0 for t < b, i.e. r(t) =ẏ (t; a) y(t; a) >ż (t; a, b) z (t; a, b) .
By the same argument zẏ − yż < 0 for t > b, i.e. r(t) =ẏ (t; a) y(t; a) <ż (t; a, b) z (t; a, b) .
Measurability of r can be proven as in [6] .
5.
End of the proof of Theorem A
) an easy consequence of the Stokes' theorem shows that
hence integrating (18) we obtain
Since H preserves the Liouville measure
and by the Gauss-Bonnet theorem
Let θ x (v) = e(x), v . Then λ(x, v) = f + V (θ x (v)). Since V preserves µ we have The Riccati equation has the solution r = V (λ) which shows no conjugate points.
